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Abstrat: First, we give the denition for quasi-nearly subharmoni funtions, now for gen-
eral, not neessarily nonnegative funtions, unlike previously. We point out that our funtion
lass inudes, among others, quasisubharmoni funtions, nearly subharmoni funtions (in
a slightly generalized sense) and almost subharmoni funtions. We also give some basi
properties of quasi-nearly subharmoni funtions. Seond, after realling some of the exist-
ing subharmoniity results of separately subharmoni funtions, we give the orresponding
ounterparts for separately quasi-nearly subharmoni funtions, thus improving previous re-
sults of ours, of Lelong, of Avanissian and of Arsove. Third, we give two results onerning
the subharmoniity of a funtion subharmoni with respet to the rst variable and harmoni
with respet to the seond variable. The rst result improves a result of Arsove, onerning
the ase when the funtion has, in addition, loally a negative integrable minorant. The se-
ond result improves a result of Koªodziej and Thorbiörnson onerning the subharmoniity
of a funtion subharmoni and C
2
in the rst variable and harmoni in the seond.
Key words: Subharmoni, harmoni, quasi-nearly subharmoni, Harnak, separately sub-
harmoni, integrability ondition, generalized Laplaian.
1. Introdution
1.1. Separately subharmoni funtions. Solving a long standing problem, Wiegerink
[Wi88, Theorem, p. 770℄, see also [WZ91, Theorem 1, p. 246℄, showed that a separately
subharmoni funtion need not be subharmoni. On the other hand, Armitage and Gardiner
[AG93, Theorem 1, p. 256℄ showed that a separately subharmoni funtion u in a domain Ω
in Rm+n, m ≥ n ≥ 2, is subharmoni provided φ(log+ u+) is loally integrable in Ω, where
φ : [0,+∞)→ [0,+∞) is an inreasing funtion suh that
(1)
+∞∫
1
s(n−1)/(m−1)(φ(s))−1/(m−1) ds < +∞.
Armitage's and Gardiner's result inludes the previous results of Lelong [Le45, Théorème 1 bis,
p. 315℄, of Avanissian [Av61, Théorème 9, p. 140℄, see also [Her71, Theorem, p. 31℄, of Arsove
[Ar66, Theorem 1, p. 622℄ and ours:
Theorem A. ([Ri89, Theorem 1, p. 69℄) Let Ω be a domain in Rm+n, m,n ≥ 2. Let
u : Ω→ [−∞,+∞) be suh that
(a) for eah y ∈ Rn the funtion
Ω(y) ∋ x 7→ u(x, y) ∈ [−∞,+∞)
is subharmoni,
1
(b) for eah x ∈ Rm the funtion
Ω(x) ∋ y 7→ u(x, y) ∈ [−∞,+∞)
is subharmoni,
() for some p > 0 there is a funtion v ∈ Lp
lo
(Ω) suh that u ≤ v.
Then u is subharmoni in Ω.
Instead of (), Lelong and Avanissian used the stronger assumption that the funtion
is loally bounded above, and Arsove the assumption that the funtion has a loally inte-
grable majorant. Though the result of Armitage and Gardiner is even almost sharp, it is,
nevertheless, relevant to try to nd both new proofs and generalizations also to the previ-
ous results. This is justied beause of two reasons. First, our L
p
lo
-integrability ondition,
p > 0, is, unlike the ondition of Armitage and Gardiner (1), very simple, and seond, more
importantly, Armitage's and Gardiner's proof is based on the results of Lelong and Avanis-
sian, or, alternatively, on the more general result of Arsove or on our Theorem A above,
say.
1.2. Funtions subharmoni in one variable and harmoni in the other. An open
problem is, whether a funtion whih is subharmoni in one variable and harmoni in the
other, is subharmoni. For results on this area, see e.g. [Ar66℄, [Im90℄, [WZ91℄, [CS93℄ and
[KT96℄ and the referenes therein. We onsider here a result of Arsove, Theorem B below,
and a result of Koªodziej and Thorbiörnson, Theorem C below. Observe that the situation
here is similar with that pointed out above in 1.1: The proofs of these theorems (and also
the proofs of our improvements, see Theorems 4 and 5 below), are again based on the ited
result of Lelong and Avanissian, or, alternatively, on the results of Arsove and ours, say.
Theorem B. ([Ar66, Theorem 2, p. 622℄) Let Ω be a domain in Rm+n, m,n ≥ 2. Let
u : Ω→ R be suh that
(a) for eah y ∈ Rn the funtion
Ω(y) ∋ x 7→ u(x, y) ∈ R
is subharmoni,
(b) for eah x ∈ Rm the funtion
Ω(x) ∋ y 7→ u(x, y) ∈ R
is harmoni,
() there is a nonnegative funtion ϕ ∈ L1
lo
(Ω) suh that −ϕ ≤ u.
Then u is subharmoni in Ω.
Arsove's proof was based on mean value operators. Muh later Cegrell and Sadullaev
[CS93, Theorem 3.1, p. 82℄ gave a new proof using Poisson modiation. In Theorem 2, in
its Corollary and in Theorem 3 below we give generalizations to this result.
Koªodziej and Thorbi¨ornson gave the following result.
Theorem C. ([KT96, Theorem 1, p. 463℄) Let Ω be a domain in Rm+n, m,n ≥ 2. Let
u : Ω→ R be suh that
(a) for eah y ∈ Rn the funtion
Ω(y) ∋ x 7→ u(x, y) ∈ R
is subharmoni and C
2
,
(b) for eah x ∈ Rm the funtion
Ω(x) ∋ y 7→ u(x, y) ∈ R
is harmoni.
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Then u is subharmoni and ontinuous in Ω.
In [Ri071, Theorem 6, p. 233℄ and [Ri072, Theorem 1, p. 438, and Theorem 2, pp. 442-
443℄ we improved the above result of Koªodziej and Thorbiörnson. Now in Theorem 4 and
Theorem 5 below we improve these results still further. Instead of the standard Laplaians
of C
2
funtions we will use generalized Laplaians, that is, the Blashke-Privalov operators.
2. Notation, subharmoni funtions, generalizations, and properties
2.1. Notation. Our notation is rather standard, see e.g. [Ri061℄ and [Her71℄. mN is
the Lebesgue measure in the Eulidean spae RN , N ≥ 2. We write νN for the Lebesgue
measure of the unit ball BN (0, 1) in RN , thus νN = mN (B
N (0, 1)). D is a domain of RN .
The omplex spae Cn is identied with the real spae R2n, n ≥ 1. Constants will be denoted
by C and K. They will be nonnegative and may vary from line to line.
2.2. Subharmoni funtions and generalizations. We reall that an upper semion-
tinuous funtion u : D → [−∞,+∞) is subharmoni if for all BN (x, r) ⊂ D,
u(x) ≤ 1
νN rN
∫
BN (x,r)
u(y) dmN (y).
The funtion u ≡ −∞ is onsidered subharmoni.
We say that a funtion u : D → [−∞,+∞) is nearly subharmoni, if u is Lebesgue
measurable, u+ ∈ L1
lo
(D), and for all BN (x, r) ⊂ D,
(2) u(x) ≤ 1
νN rN
∫
BN (x,r)
u(y) dmN (y).
Observe that in the standard denition of nearly subharmoni funtions one uses the slightly
stronger assumption that u ∈ L1
lo
(D), see e.g. [Her71, p. 14℄. However, our above, slightly
more general denition seems to be more pratial, see below Proposition 1 (iii) and Propo-
sition 2 (vi) and (vii). Proeeding as in [Her71, proof of Theorem 1, pp. 14-15℄ (and referring
also to Proposition 1 (iii) and Proposition 2 (vii), see below) one obtains the following result:
Lemma. Let D be a domain in RN , N ≥ 2. Let u : D → [−∞,+∞) be Lebesgue
measurable. Then u is nearly subharmoni in D if and only if there exists a funtion u∗,
subharmoni in D suh that u∗ ≥ u and u∗ = u almost everywhere in D. Here u∗ is the
lowest upper semiontinuous majorant of u:
u∗(x) = lim sup
x′→x
u(x′).
u∗ is alled the regularized subharmoni funtion to u.
Observe also that almost subharmoni funtions, in the sense of Szpilrajn [Sz33℄ (see also
[Ra37, 3.30, p. 20℄ and [LL01, p. 238℄; Lieb and Loss even all this lass briey subharmoni
funtions!), are, more or less, inluded in our denition of nearly subharmoni funtions, in
the following sense. Let u : D → [−∞,+∞) be almost subharmoni, that is u ∈ L1
lo
(D)
and for almost every x ∈ D and for every r > 0 suh that B(x, r) ⊂ D the mean value
inequality (2) is satised. Let
D1 := {x ∈ D : u(x) ≤ 1
νN rN
∫
BN (x,r)
u(x′) dmN (x′) for all BN (x, r) ⊂ D }
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and let A := D \D1. Dene u˜ : D → [−∞,+∞),
u˜(x) :=
{
u(x) when x ∈ D1,
−∞ when x ∈ A.
Sine by assumption mN (A) = 0, it is easy to see that u˜ is nearly subharmoni in D.
The previous denition for quasi-nearly subharmoni funtions was restrited to non-
negative funtions, see [Pa94℄, [Mi96℄, [Ri00℄, [PR08℄, [Ri05℄, [Ri061℄. Now we say that
a Lebesgue measurable funtion u : D → [−∞,+∞) is K-quasi-nearly subharmoni, if
u+ ∈ L1
lo
(D) and if there is a onstant K = K(N, u,D) ≥ 1 suh that for all x ∈ D and
r > 0 suh that BN (x, r) ⊂ D, one has
uM (x) ≤ K
νN rN
∫
BN (x,r)
uM (y) dmN (y)
for all M ≥ 0, where uM := max{u,−M} +M . A funtion u : D → [−∞,+∞) is quasi-
nearly subharmoni, if u is K-quasi-nearly subharmoni in D for some K ≥ 1.
In addition to the above dened lass of quasi-nearly subharmoni funtions, we will
onsider also a proper sublass. A Lebesgue measurable funtion u : D → [−∞,+∞) is
K-quasi-nearly subharmoni n.s. (in the narrow sense), if u+ ∈ L1
lo
(D) and if there is a
onstant K = K(N, u,D) ≥ 1 suh that for all BN (x, r) ⊂ D, one has
u(x) ≤ K
νN rN
∫
BN (x,r)
u(y) dmN (y).
A funtion u : D → [−∞,+∞) is quasi-nearly subharmoni n.s., if u is K-quasi-nearly
subharmoni n.s. in D for some K ≥ 1.
Observe that already Domar in [Do57, p. 430℄ has pointed out the relevane of the lass
of (nonnegative) quasi-nearly subharmoni funtions. For, at least partly, an even more
general funtion lass, see [Do88℄.
As an example of a sublass of quasi-nearly subharmoni funtions, and as a ounterpart
to nonnegative harmoni funtions we reall the denition of Harnak funtions, see [Vu82,
p. 259℄. Suppose for a while that D 6= RN . A ontinuous funtion u : D → [0,+∞) is a
λ-Harnak funtion, if there are onstants λ ∈ (0, 1) and Cλ = C(λ) ≥ 1 suh that
max
z∈BN (x,λr)
u(z) ≤ Cλ min
z∈BN (x,λr)
u(z)
whenever BN (x, r) ⊂ D. It is well-known that for eah ompat set F 6= ∅ in D there
exists a smallest onstant C(F ) ≥ Cλ depending only on N , λ, Cλ and F suh that for all
u satisfying the above ondition,
max
z∈F
u(z) ≤ C(F ) min
z∈F
u(z).
A ontinuous funtion u : D → [0,+∞) is a Harnak funtion, if it is a λ-Harnak funtion
for some λ ∈ (0, 1).
2.3. The dened funtion lasses, quasi-nearly subharmoni funtions, quasi-nearly sub-
harmoni funtions n.s. and Harnak funtions, are all natural, they have important and
interesting properties and, at the same time, they are large, See e.g. [Pa94℄, [Mi96℄, [Ri00℄,
[PR08℄, [Ri05℄, [Ri061℄, [Vu82℄, and Propositions 1 and 2 below. We reall here only that
these funtion lasses inlude, among others, subharmoni funtions, and, more generally,
quasisubharmoni (see e.g. [Br38℄, [Le45, p. 309℄, [Av61, p. 136℄, [Her71, p. 26℄) and also
nearly subharmoni funtions (see e.g. [Her71, p. 14℄), also funtions satisfying ertain
4
natural growth onditions, espeially ertain eigenfuntions, and polyharmoni funtions.
Espeially, the lass of Harnak funtions inludes, among others, nonnegative harmoni
funtions as well as nonnegative solutions of some ellipti equations. In partiular, the par-
tial dierential equations assoiated with quasiregular mappings belong to this family of
ellipti equations, see [Vu82℄.
To motivate the above dened funtion lasses, the lass of quasi-nearly subharmoni
funtions and the lass of quasi-nearly subharmoni n.s. funtions, even more, we give below
four simple examples.
Example 1. Let D be a domain in RN , N ≥ 2. Any Lebesgue measurable funtion
u : D → [m,M ], where 0 < m ≤ M < +∞, is quasi-nearly subharmoni, and, beause of
Proposition 1 (i), also quasi-nearly subharmoni n.s. If u is moreover ontinuous, it is even
a Harnak funtion, see [Vu82, pp. 259, 263℄.
Example 2. The funtion u : R2 → R,
u(x, y) :=
{
−1, when y < 0,
1, when y ≥ 0,
is 2-quasi-nearly subharmoni, but not quasi-nearly subharmoni n.s.
Example 3. Let D = (0, 2) × (0, 1), let c < 0 be arbitrary. Let E ⊂ D be a Borel set of
zero Lebesgue measure. Let u : D → [−∞,+∞),
u(x, y) :=


c, when (x, y) ∈ E,
1, when (x, y) ∈ D \ E and 0 < x < 1,
2, when (x, y) ∈ D \ E and 1 ≤ x < 2.
The funtion u attains both negative and positive values, it is 2-quasi-nearly subharmoni
n.s, but not nearly subharmoni. Reall that previously we have onsidered only nonnegative
quasi-nearly subharmoni funtions.
Example 4. Let D be a domain in RN , N ≥ 2, and let u : D → [−∞,+∞) be any
quasi-nearly subharmoni funtion n.s. Let E ⊂ D be a Borel set of zero Lebesgue measure.
Let v : D → [−∞,+∞),
v(x, y) :=
{
−∞, when (x, y) ∈ E,
u(x, y), when (x, y) ∈ D \ E.
The funtion v is learly quasi-nearly subharmoni n.s.
For the onveniene of the reader we reall the following denition, see also [PR08,
Lemma 1 and Remark 1, p. 93℄.
A funtion ψ : [0,+∞) → [0,+∞) is permissible, if there exists an inreasing (stritly
or not), onvex funtion ψ1 : [0,+∞) → [0,+∞) and a stritly inreasing surjetion
ψ2 : [0,+∞)→ [0,+∞) suh that ψ = ψ2 ◦ ψ1 and suh that the following onditions are
satised:
(a) ψ1 satises the ∆2-ondition,
(b) ψ−12 satises the ∆2-ondition,
() the funtion t 7→ ψ2(t)t is quasi-dereasing , i.e. there is a onstant C = C(ψ2) > 0
suh that
ψ2(s)
s
≥ C ψ2(t)
t
for all 0 ≤ s ≤ t.
Reall that a funtion ϕ : [0,+∞)→ [0,+∞) satises the ∆2-ondition, if there is a onstant
C = C(ϕ) ≥ 1 suh that ϕ(2t) ≤ C ϕ(t) for all t ∈ [0,+∞).
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Examples of permissible funtions are: ψ1(t) = t
p
, p > 0, and ψ2(t) = c t
pα[log(δ+tpγ)]β ,
c > 0, 0 < α < 1, δ ≥ 1, β, γ ∈ R suh that 0 < α+ β γ < 1, and p ≥ 1. And also funtions
of the form ψ3 = φ ◦ ϕ, where φ : [0,+∞)→ [0,+∞) is a onave surjetion whose inverse
φ−1 satises the ∆2-ondition and ϕ : [0,+∞)→ [0,+∞) is an inreasing, onvex funtion
satisfying the ∆2-ondition.
2.4. Properties. In Proposition 1 and Proposition 2 below we ollet some of the basi
properties of the above dened funtion lasses. For the properties (iv) of Proposition 1, and
(iii), (v) and (vi) of Proposition 2, see already [PR08, Proposition 1, Theorem A, Corollary 1
and Theorem B, p. 91℄, [Ri89, Lemma, p. 69℄ and the referenes therein.
Proposition 1. Let D be a domain in RN , N ≥ 2.
(i) If u : D → [0,+∞) is Lebesgue measurable and u ∈ L1
lo
(D), then u is K-quasi-
nearly subharmoni if and only if u is K-quasi-nearly subharmoni n.s., that is, if
for all BN (x, r) ⊂ D,
u(x) ≤ K
νN rN
∫
BN (x,r)
u(y) dmN (y).
(ii) If u : D → [−∞,+∞) is K-quasi-nearly subharmoni n.s., then u is K-quasi-nearly
subharmoni in D, but not neessarily onversely.
(iii) A funtion u : D → [−∞,+∞) is 1-quasi-nearly subharmoni if and only if it is
nearly subharmoni, that is, it is 1-quasi-nearly subharmoni n.s.
(iv) If u : D → [0,+∞) is quasi-nearly subharmoni and ψ : [0,+∞) → [0,+∞) is
permissible, then ψ ◦ u is quasi-nearly subharmoni in D.
(v) Harnak funtions are quasi-nearly subharmoni.
Proof. For the proof of (iv), see [Ri061, Lemma 2.1, p. 32℄. We leave the ases (i), (ii), (v)
to the reader. To prove the ase (iii) suppose that u is nearly subharmoni in D. Then
learly uM is nearly subharmoni for all M ≥ 0, and thus for all x ∈ D and r > 0 suh that
BN (x, r) ⊂ D, one has
uM (x) ≤ 1
νN rN
∫
B(x,r)
uM (y) dmN (y).
Hene u is 1-quasi-nearly subharmoni.
On the other hand, if u is 1-quasi-nearly subharmoni in D, then one sees at one, with
the aid of Lebesgue Monotone Convergene Theorem, that u is nearly subharmoni in D.

Proposition 2. Let D be a domain in RN , N ≥ 2.
(i) If u : D → [−∞,+∞) is K1-quasi-nearly subharmoni and K2 ≥ K1, then u is
K2-quasi-nearly subharmoni in D.
(ii) If u1 : D → [−∞,+∞) and u2 : D → [−∞,+∞) are K-quasi-nearly subharmoni
n.s., then λ1u1 + λ2u2 is K-quasi-nearly subharmoni n.s. in D for all λ1, λ2 ≥ 0.
(iii) If u : D → [−∞,+∞) is quasi-nearly subharmoni, then u is loally bounded above
in D.
(iv) If uj : D → [−∞,+∞), j = 1, 2, . . . , are K-quasi-nearly subharmoni (resp. K-
quasi-nearly subharmoni n.s.), and uj ց u as j → +∞, then u is K-quasi-nearly
subharmoni (resp. K-quasi-nearly subharmoni n.s.) in D.
(v) If u : D → [−∞,+∞) is K1-quasi-nearly subharmoni and v : D → [−∞,+∞)
is K2-quasi-nearly subharmoni, then max{u, v} is max{K1,K2}-quasi-nearly sub-
harmoni in D. Espeially, u+ := max{u, 0} is K1-quasi-nearly subharmoni in
D.
6
(vi) Let F be a family of K-quasi-nearly subharmoni (resp. K-quasi-nearly subharmoni
n.s.) funtions in D and let w := supu∈F u. If w is Lebesgue measurable and w
+ ∈
L
1
lo
(D), then w is K-quasi-nearly subharmoni (resp. K-quasi-nearly subharmoni
n.s.) in D.
(vii) If u : D → [−∞,+∞) is quasi-nearly subharmoni n.s., then either u ≡ −∞ or u
is nite almost everywhere in D, and u ∈ L1
lo
(D).
Remark. Related to (ii) above, it is easy to see that, if u : D → [−∞,+∞) is K-quasi-
nearly subharmoni, then λu+C isK-quasi-nearly subharmoni inD for all λ ≥ 0 and C ≥ 0.
However, at present we do not know whether λ1u1 + λ2u2 is K-quasi-nearly subharmoni
provided u1 : D → [−∞,+∞) and u2 : D → [−∞,+∞) are K-quasi-nearly subharmoni
and λ1, λ2 ≥ 0.
Proof of Proposition 2. We leave the rather easy ases (i)(vi) to the reader and prove only
(vii). Our proof is nearly verbatim the same as [Hel69, proof of Theorem 4.10, p. 66℄, exept
perhaps in a ouple of the last lines of the proof.
By (vi) u+ is quasi-nearly subharmoni n.s., and by (iii) loally bounded above in D.
Therefore, for eah B(x, r) ⊂ D, the integral∫
B(x,r)
u(y)dmN (y)
is dened either as −∞ or as a nite real number. Suppose that −∞ < u(x0) for some
x0 ∈ D. Then
−∞ < u(x0) ≤ K
νNrN
∫
BN (x0,r)
u(y) dmN (y) < +∞.
Therefore there exists r0 > 0 suh that u(x) ∈ R for almost every x ∈ BN (x0, r0).
Write
H := { x ∈ D : u(y) nite for almost every y ∈ B(x, r) for some r > 0 s.t. BN (x, r) ⊂ D }.
From above it follows that H 6= ∅. It is easy to see that H is open. To show that H
is losed in D, take a sequene xj ∈ H , j = 1, 2, . . . , xj → x∗ as j → +∞. Take r∗ > 0
suh that BN (x∗, r∗) ⊂ D. Choose xj0 ∈ H ∩ BN (x∗, r
∗
2 ). Then there is rj0 > 0 suh
that u(x) ∈ R for almost every x ∈ BN (xj0 , rj0 ). Hene also u(x) ∈ R for almost every
x ∈ BN (xj0 , rj0) ∩ BN (x∗, r
∗
2 ). Let A be the set of suh points. Clearly A is of positive
measure. Choose xˆ ∈ A. Then
−∞ < u(xˆ) ≤ K
νN
(
r∗
2
)N
∫
BN (xˆ, r
∗
2
)
u(y) dmN(y) < +∞.
Hene u(x) ∈ R for almost every x ∈ BN (xˆ, r∗2 ). On the other hand, x∗ ∈ BN (xˆ, r
∗
2 ).
Thus x∗ has a neighborhood BN (x∗, δ) ⊂ BN (xˆ, r∗2 ) suh that u(x) ∈ R for almost every
x ∈ BN (x∗, δ). Hene x∗ ∈ H . Sine D is onneted, H = D.
To show that u ∈ L1
lo
(D), take BN (x0, r0) ⊂ D arbitrarily. We know that for eah
x ∈ BN (x0, r0) there is rx > 0 suh that u(y) ∈ R for almost every y ∈ BN (x, rx). Then
BN (x, rx), x ∈ BN (x0, r0),
is an open over of the ompat set BN (x0, r0). Hene we nd a nite subover
BN (x1, r1), B
N (x2, r2), . . . , B
N (xk, rk).
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We may suppose that u(xj) ∈ R for all j = 1, 2, . . . , k. One ahieves this just replaing xj , if
neessary, by a nearby point x∗j , and possibly inreasing rj a little bit, j = 1, 2, . . . , k. Then
−∞ < u(xj) ≤ K
νN r
N
j
∫
BN (xj,rj)
u(y)dmN (y), j = 1, 2, . . . , k.
By (iii) above, there is a onstant C > 0 suh that u(y) ≤ u+(y) ≤ C < +∞ for
eah y ∈ BN (x1, r1) ∪BN (x2, r2) ∪ · · · ∪BN (xk, rk). Therefore u(y) − C ≤ 0 for eah y ∈
BN (x1, r1) ∪BN (x2, r2) ∪ · · · ∪BN (xk, rk), and we get
−∞ <
k∑
j=1
νN r
N
j u(xj) ≤
k∑
j=1
K ·
∫
BN (xj ,rj)
u(y)dmN(y)
≤ K ·
k∑
j=1
∫
BN (xj,rj)
(u(y)− C)dmN (y) +K · C ·
k∑
j=1
mN(B
N (xj , rj))
≤ K ·
∫
BN (x0,r0)
(u(y)− C)dmN (y) +K · C ·
k∑
j=1
mN(B
N (xj , rj))
≤ K ·
∫
BN (x0,r0)
u(y)dmN (y)−K · CmN (BN (x0, r0)) +K · C ·
k∑
j=1
mN(B
N (xj , rj))
< +∞.
Thus
−∞ <
∫
BN(x0,r0)
u(y) dmN (y) < +∞,
and the laim follows. 
Remark. It is easy to see that (vii) does not anymore hold for quasi-nearly subharmoni
funtions. As a ounterexample serves the funtion u : R2 → [−∞,+∞),
u(x, y) :=
{
−∞, when y ≤ 0,
1, when y > 0,
whih is 2-quasi-nearly subharmoni, but surely not quasi-nearly subharmoni n.s.
3. Separately subharmoni funtions
3.1. A ounterpart and a generalization to Theorem A is the following simple result:
Proposition 3. Let Ω be a domain in Rm+n, m,n ≥ 2, and let K1,K2 ≥ 1. Let u : Ω→
[−∞,+∞) be a Lebesgue measurable funtion suh that
(a) for eah y ∈ Rn the funtion
Ω(y) ∋ x 7→ u(x, y) ∈ [−∞,+∞)
is K1-quasi-nearly subharmoni,
(b) for almost every x ∈ Rm the funtion
Ω(x) ∋ y 7→ u(x, y) ∈ [−∞,+∞)
is K2-quasi-nearly subharmoni,
8
() there exists a non-onstant permissible funtion ψ : [0,+∞) → [0,+∞) suh that
ψ ◦ u+ ∈ L1
lo
(Ω).
Then u is
4m+nνm+nK1K2
νm νn
-quasi-nearly subharmoni in Ω.
Proof. We begin by showing that u+ is loally bounded above in Ω. Sine permissible
funtions are ontinuous, ψ ◦ u+ is Lebesgue measurable. Take (a, b) ∈ Ω and R > 0
arbitrarily suh that Bm+n((a, b), R) ⊂ Ω. Take (x0, y0) ∈ Bm(a, R4 )×Bn(b, R4 ) arbitrarily.
Using assumptions (a) and (b), Proposition 2 (v) and Proposition 1 (iv), Fubini's Theorem
and assumption (), one obtains:
(ψ ◦ u+)(x0, y0) ≤ K1
νm (
R
4 )
m
∫
Bm(x0,
R
4
)
(ψ ◦ u+)(x, y0) dmm(x)
≤ K1
νm (
R
4 )
m
∫
Bm(x0,
R
4
)
[ K2
νn (
R
4 )
n
∫
Bn(y0,
R
4
)
(ψ ◦ u+)(x, y) dmn(y)
]
dmm(x)
≤ 4
m+nνm+nK1K2
νm νn
1
νm+nRm+n
∫
Bm+n((a,b),R)
(ψ ◦ u+)(x, y) dmm+n(x, y)
< +∞.
Thus ψ ◦ u+ is loally bounded above in Ω. Using then properties of permissible funtions,
one sees easily that also u+ is loally bounded above in Ω, thus loally integrable in Ω.
Proeeding then as above, but now ψ replaed with the identity mapping, and u+ re-
plaed with uM , for an arbitrary M ≥ 0, and hoosing (x0, y0) = (a, b), one sees that
uM (a, b) ≤ 4
m+nνm+nK1K2
νm νn
· 1
νm+nRm+n
∫
Bm+n((a,b),R)
uM (x, y) dmm+n(x, y).
Thus u is
4m+nνm+nK1K2
νmνn
-quasi-nearly subharmoni in Ω. 
Next we give:
Theorem 1. Let Ω be a domain in Rm+n, m,n ≥ 2, and let K ≥ 1. Let u : Ω→ [−∞,+∞)
be a Lebesgue measurable funtion suh that
(a) for eah y ∈ Rn the funtion
Ω(y) ∋ x 7→ u(x, y) ∈ [−∞,+∞)
is 1-quasi-nearly subharmoni,
(b) for almost every x ∈ Rm the funtion
Ω(x) ∋ y 7→ u(x, y) ∈ [−∞,+∞)
is K-quasi-nearly subharmoni n.s.,
() there exists a non-onstant permissible funtion ψ : [0,+∞) → [0,+∞) suh that
ψ ◦ u+ ∈ L1
lo
(Ω).
Then u is K-quasi-nearly subharmoni n.s. in Ω.
Proof. By Proposition 3 u is quasi-nearly subharmoni in Ω. Thus u+ is loally integrable
in Ω.
It remains to show that for all (a, b) ∈ Ω and R > 0 suh that Bm+n((a, b), R) ⊂ Ω,
u(a, b) ≤ K
νm+nRm+n
∫
Bm+n((a,b),R)
u(x, y)dmm+n(x, y).
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To see this, we proeed in the following standard way, see e.g. [Her71, proof of Theorem a),
pp. 32-33℄:
K
νm+nRm+n
∫
Bm+n((a,b),R)
u(x, y)dmm+n(x, y)
=
νn
νm+nRm+n
∫
Bm(a,R)
[(R2− | x− a |2)n2 K
νn(R2− | x− a |2)n2
∫
Bn(b,
√
R2−|x−a|2)
u(x, y)dmn(y)]dmm(x)
≥ νn
νm+nRm+n
∫
Bm(a,R)
(R2− | x− a |2)n2 u(x, b)dmm(x) ≥ u(a, b).
Above we have used, in addition to the fat that, for almost every x ∈ Rm, the funtions
u(x, ·) are K-quasi-nearly subharmoni n.s., also the following lemma. (The proof of the
Lemma, see [Her71, proof of Theorem 2 a), p. 15℄, works also in our slightly more general
situation.)
Lemma. ([Her71, Theorem 2 a), p. 15℄) Let v be nearly subharmoni (in the generalized
sense, dened above) in a domain U of RN , N ≥ 2, ψ ∈ L∞(RN ), ψ ≥ 0, ψ(x) = 0 when
| x |≥ α and ψ(x) depends only on | x |. Then ψ ⋆ v ≥ v and ψ ⋆ v is subharmoni in Uα,
provided
∫
ψ(x)dmN (x) = 1, where Uα = {x ∈ U : BN (x, α) ⊂ U}.

Choosing K = 1 in Theorem 1 we get:
Corollary 1. Let Ω be a domain in Rm+n, m,n ≥ 2. Let u : Ω→ [−∞,+∞) be a Lebesgue
measurable funtion suh that
(a) for eah y ∈ Rn the funtion
Ω(y) ∋ x 7→ u(x, y) ∈ [−∞,+∞)
is nearly subharmoni,
(b) for almost every x ∈ Rm the funtion
Ω(x) ∋ y 7→ u(x, y) ∈ [−∞,+∞)
is nearly subharmoni,
() there exists a non-onstant permissible funtion ψ : [0,+∞) → [0,+∞) suh that
ψ ◦ u+ ∈ L1
lo
(Ω).
Then u is nearly subharmoni in Ω.
Before giving two further orollaries to Theorem 1, we state a more or less well-known
measurability result. Our proof is an improved version of the proof of [Rii84, Lemma 3.2,
pp. 103-104℄. For a related result, with a dierent proof, see [Ar66, Lemma 1, p. 624℄.
Lemma. Let U be a domain in Rm and V be a domain in Rn , m,n ≥ 1. Let v : U ×V →
[−∞,+∞) be suh that
(a) for eah y ∈ V the funtion
U ∋ x 7→ v(x, y) ∈ [−∞,+∞)
is Lebesgue integrable and, for almost every y ∈ V and every x ∈ U ,
1
νmrm
∫
Bm(x,r)
v(z, y)dmm(z)→ v(x, y)
as r → 0,
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(b) for eah x ∈ U the funtion
V ∋ y 7→ v(x, y) ∈ [−∞,+∞)
is upper semiontinuous.
Then v is Lebesgue measurable.
Proof. It is learly suient to show, that for anyM ≥ 0, the funtion vM = max{v,−M}+
M is measurable. Thus we may suppose that v ≥ 0.
For eah r > 0 dene hr : U × V → R,
hr(x, y) =
1
νmrm
∫
Bm(x,r)
v(z, y)dmm(z).
Here we understand that v(z, y) = 0 whenever (x, y) ∈ (Rm × Rn) \ (U × V ).
To see that for eah x ∈ U the funtion hr(x, ·) is measurable, we proeed as follows.
Write vk = min{v, k} and hkr : U × V → R,
hkr (x, y) =
1
νmrm
∫
Bm(x,r)
vk(z, y)dmm(z),
k = 1, 2, . . . . Take y ∈ V and a sequene yj → y, yj ∈ V , j = 1, 2, . . . , arbitrarily. Using
Fatou's Lemma one gets,
lim sup
j→+∞
hkr (x, yj) = lim sup
j→+∞
1
νmrm
∫
Bm(x,r)
vk(z, yj)dmm(z)
≤ 1
νmrm
∫
Bm(x,r)
lim sup
j→+∞
vk(z, yj)dmm(z)
≤ 1
νmrm
∫
Bm(x,r)
vk(z, y)dmm(z) = h
k
r (x, y).
Thus hkr (x, ·) is upper semiontinuous in V . Using then Lebesgue Monotone Convergene
Theorem one sees that, for eah x ∈ U ,
lim
k→+∞
hkr (x, y) = lim
k→+∞
1
νmrm
∫
Bm(x,r)
vk(z, y)dmm(z)
=
1
νmrm
∫
Bm(x,r)
lim
k→+∞
vk(z, y)dmm(z)
=
1
νmrm
∫
Bm(x,r)
v(z, y)dmm(z) = hr(x, y).
Hene hr(x, ·) is measurable.
To see that for eah y ∈ V the funtion hr(·, y) is ontinuous in U , we proeed as follows.
Take x, x0 ∈ U arbitrarily. Then
| hr(x, y)− hr(x0, y) |= | 1
νmrm
∫
Bm(x,r)
v(z, y)dmm(z)− 1
νmrm
∫
Bm(x0,r)
v(z, y)dmm(z) |
≤
∫
Bm(x,r)△Bm(x0,r)
| v(z, y) | dmm(z),
and the ontinuity follows.
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From a lassial result, originally due to Lebesgue, it follows then that hr is measurable.
Sine for almost every y ∈ V and every x ∈ U ,
lim
r→0
hr(x, y) = v(x, y),
we see that v is measurable, onluding the proof. 
Next a ontinuity result:
Corollary 2. Let Ω be a domain in Rm+n, m,n ≥ 2, and let K ≥ 1. Let u : Ω →
[−∞,+∞) be suh that
(a) for eah y ∈ Rn the funtion
Ω(y) ∋ x 7→ u(x, y) ∈ [−∞,+∞)
is nearly subharmoni, and, for almost every y ∈ Rn, subharmoni,
(b) for eah x ∈ Rm the funtion
Ω(x) ∋ y 7→ u(x, y) ∈ [−∞,+∞)
is upper semiontinuous, and, for almost every x ∈ Rm, K-quasi-nearly subharmoni
n.s.,
() there exists a non-onstant permissible funtion ψ : [0,+∞) → [0,+∞) suh that
ψ ◦ u+ ∈ L1
lo
(Ω).
Then for every (a, b) ∈ Ω,
lim sup
(x,y)→(a,b)
u(x, y) ≤ K u+(a, b).
Proof. By the above Lemma u is measurable. By Theorem 1 above, u and thus also u+
are K-quasi-nearly subharmoni n.s. Thus u+ is loally bounded above in Ω. Sine also u+
satises the assumptions of the orollary, it is suient to show that for any (a, b) ∈ Ω,
lim sup
(x,y)→(a,b)
u+(x, y) ≤ K u+(a, b).
Take (a, b) ∈ Ω and R1 > 0 and R2 > 0 arbitrarily suh that Bm(a,R1)×Bn(b, R2) ⊂ Ω.
Choose an arbitrary λ ∈ R suh that u+(a, b) < λ. Sine u+(a, ·) is upper semiontinuous,
we nd R′2, 0 < R
′
2 < R2, suh that
1
νnR
′n
2
∫
Bn(b,R′
2
)
u+(a, y)dmn(y) < λ.
Using the fat that, for almost every y ∈ Rn, the funtion u+(·, y), is subharmoni, we get
1
νmrm
∫
Bm(a,r)
u+(x, y)dmm(x)→ u+(a, y) as r → 0.
Sine u+ is loally bounded above, one an use Lebesgue Monotone Convergene Theorem.
Thus we nd R′1, 0 < R
′
1 < R1, suh that
1
νnR
′n
2
∫
Bn(b,R′
2
)
[
1
νmR
′m
1
∫
Bm(a,R′
1
)
u+(x, y)dmm(x)]dmn(y) < λ.
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Choose r1, 0 < r1 < R
′
1, and r2, 0 < r2 < R
′
2, arbitrarily. Then for eah (x, y) ∈ Bm(a, r1)×
Bn(b, r2),
u+(x, y) ≤ 1
νm(R′1 − r1)m
∫
Bm(x,R′
1
−r1)
u+(ξ, y)dmm(ξ)
≤ 1
νm(R′1 − r1)m
∫
Bm(x,R′
1
−r1)
[
K
νn(R′2 − r2)n
∫
Bn(y,R′
2
−r2)
u+(ξ, η)dmn(η)]dmm(ξ)
≤ K
νn(R′2 − r2)n
∫
Bn(y,R′
2
−r2)
[
1
νm(R′1 − r1)m
∫
Bm(x,R′
1
−r1)
u+(ξ, η)dmm(ξ)]dmn(η)
≤
(
R′1
R′1 − r1
)m
·
(
R′2
R′2 − r2
)n
· K
νnR
′n
2
∫
Bn(b,R′
2
)
[
1
νmR
′m
1
∫
Bm(a,R′
1
)
u+(ξ, η)dmm(ξ)]dmn(η)
≤
(
R′1
R′1 − r1
)m
·
(
R′2
R′2 − r2
)n
·K · λ.
Sending then r1 → 0, r2 → 0, one gets
lim sup
(x,y)→(a,b)
u+(x, y) ≤ K · λ,
onluding the proof. 
Remark. The above proof is essentially the same as [Ri89, part of the proof of Theorem 1,
pp. 70-71℄, where we gave a short proof for the upper semiontinuity of a loally integrable
separately subharmoni funtion.
Our last orollary improves our Theorem A, and thus also the ited results of Lelong,
Avanissian and Arsove.
Corollary 3. Let Ω be a domain in Rm+n, m,n ≥ 2. Let u : Ω→ [−∞,+∞) be suh that
(a) for eah y ∈ Rn the funtion
Ω(y) ∋ x 7→ u(x, y) ∈ [−∞,+∞)
is nearly subharmoni, and, for almost every y ∈ Rn, subharmoni,
(b) for eah x ∈ Rm the funtion
Ω(x) ∋ y 7→ u(x, y) ∈ [−∞,+∞)
is upper semiontinuous, and, for almost every x ∈ Rm, subharmoni,
() there exists a non-onstant permissible funtion ψ : [0,+∞) → [0,+∞) suh that
ψ ◦ u+ ∈ L1
lo
(Ω).
Then u is subharmoni in Ω.
Proof. By the above Lemma, u is measurable. By Corollary 1, u and thus also uM =
max{u,−M}+M , for eah M ≥ 0, are nearly subharmoni. It is learly suient to show
that uM is upper semiontinuous. Sine uM satises the assumptions of Corollary 2, the
laim follows. 
Remark. Compare the above short proof for Corollary 3 to the proofs of the previous
results [Le45, Théorème 1 bis, pp. 308-315℄, [Av61, proofs of Proposition 10 and Théorème 9,
pp. 137-140℄, see also [Her71, proof of Theorem, pp. 31-32℄, and [Ar66, proof of Theorem 1,
pp. 624-625℄. It is, however, worth while to point out that still another, a new and perhaps
an even more diret proof for Corollary 3 exists:
A diret proof for Corollary 3. Sine by Corollary 1 u is nearly subharmoni, it remains to
show that u is upper semiontinuous. But this follows at one from the following lemma
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(whose proof, see [Her71, pp. 34-35℄, uses the simple iterated mean value inequality, but not
the general mean value inequality!):
Lemma. ([Her71, Proposition 2, p. 34℄) Let Ω be a domain in Rm+n, m,n ≥ 2. Let
u : Ω→ [−∞,+∞) be nearly subharmoni and suh that
(a) for almost every y ∈ Rn the funtion
Ω(y) ∋ x 7→ u(x, y) ∈ [−∞,+∞)
is subharmoni,
(b) for almost every x ∈ Rm the funtion
Ω(x) ∋ y 7→ u(x, y) ∈ [−∞,+∞)
is nearly subharmoni.
Then the same subharmoni funtion u∗ is obtained by regularization either with respet to
(x, y) or with respet to y only (owing to dissymmetry in the assumptions).

3.2. Remark. Unlike in Theorem A, the measurability assumptions in Proposition 3 and
Theorem 1 are now neessary. With the aid of Sierpinski's nonmeasurable funtion, given
e.g. in [Ru79, 7.9 (), pp. 152-153℄, one easily onstruts a nonmeasurable, separately quasi-
nearly subharmoni funtion u : C2 → [1, 2]. Indeed, let Q˜ = {0} ×Q× {0} ⊂ R× R2 ×R,
where Q ⊂ R2 is the set of Sierpinski, see [Ru79, pp. 152-153, and Theorem 7.2, p. 146℄.
Then the funtion v(z1, z2) = v(x1, y1, x2, y2) := 2 − χQ˜(z1, z2) is learly nonmeasurable,
but still separately quasi-nearly subharmoni, see Example 1 in 2.3 above.
4. The result of Arsove
4.1. Next we give a slight generalization to a result of Arsove and of Cegrell and Sadullaev,
Theorem B above. For the short proof given below, ompare also the proofs of the speial
ase results [Ar66, proof of Theorem 2, p. 625℄ and [Ri062, proof of Theorem B, 4.2℄).
Theorem 2. Let Ω be a domain in Rm+n, m,n ≥ 2, and K ≥ 1. Let u : Ω → R be suh
that
(a) for eah y ∈ Rn the funtion
Ω(y) ∋ x 7→ u(x, y) ∈ R
is K-quasi-nearly subharmoni n.s.,
(b) for eah x ∈ Rm the funtion
Ω(x) ∋ y 7→ u(x, y) ∈ R
is harmoni,
() there is a nonnegative funtion ϕ ∈ L1
lo
(Ω) suh that −ϕ ≤ u.
Then u is K-quasi-nearly subharmoni n.s. in Ω.
Proof. It is easy to see that u is Lebesgue measurable. (See the end of the proof of the
above Lemma in 3.1.) By Theorem 1 above it is suient to show that u+ ∈ L1
lo
(Ω). Write
v := u + ϕ. Then 0 ≤ u+ ≤ v. It is suient to show that v ∈ L1
lo
(Ω). Let (a, b) ∈ Ω and
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R > 0 be arbitrary suh that Bm(a,R)×Bn(b, R) ⊂ Ω. Then
0 ≤ K
mm+n(Bm(a,R)×Bn(b, R))
∫
Bm(a,R)×Bn(b,R)
v(x, y)dmm+n(x, y)
=
K
νmRm
∫
Bm(a,R)
{ 1
νnRn
∫
Bn(b,R)
[u(x, y) + ϕ(x, y)]dmn(y)}dmm(x)
=
K
νmRm
∫
Bm(a,R)
[
1
νnRn
∫
Bn(b,R)
u(x, y)dmn(y) +
1
νnRn
∫
Bn(b,R)
ϕ(x, y)dmn(y)]dmm(x)
=
K
νmRm
∫
Bm(a,R)
[u(x, b) +
1
νnRn
∫
Bn(b,R)
ϕ(x, y)dmn(y)]dmm(x)
=
K
νmRm
∫
Bm(a,R)
u(x, b)dmm(x) +
K
νmRm
∫
Bm(a,R)
[
1
νnRn
∫
Bn(b,R)
ϕ(x, y)dmn(y)]dmm(x)
=
K
νmRm
∫
Bm(a,R)
u(x, b)dmm(x) +
K
mm+n(Bm(a,R)×Bn(b, R))
∫
Bm(a,R)×Bn(b,R)
ϕ(x, y)dmm+n(x, y)
<+∞.

The following orollary improves the result of Arsove and Cegrell and Sadullaev, Theo-
rem B above:
Corollary. Let Ω be a domain in Rm+n, m,n ≥ 2. Let u : Ω→ R be suh that
(a) for eah y ∈ Rn the funtion
Ω(y) ∋ x 7→ u(x, y) ∈ R
is nearly subharmoni, and, for almost every y ∈ Rn, subharmoni,
(b) for eah x ∈ Rm the funtion
Ω(x) ∋ y 7→ u(x, y) ∈ R
is harmoni,
() there is a nonnegative funtion ϕ ∈ L1
lo
(Ω) suh that −ϕ ≤ u.
Then u is subharmoni in Ω.
Proof. By Theorem 2, u ∈ L1
lo
(Ω) and thus also u+ ∈ L1
lo
(Ω). Thus the laim follows from
the above Corollary 3. 
4.2. Also the following result gives a partial generalization to Theorem B above. It gener-
alizes slightly [CS93, Corollary, p. 82℄, too.
Theorem 3. Let Ω be a domain in Rm+n, m,n ≥ 2. Let u : Ω→ [0,+∞) be suh that
(a) for eah y ∈ Rn the funtion
Ω(y) ∋ x 7→ u(x, y) ∈ [0,+∞)
is quasi-nearly subharmoni,
(b) for eah x ∈ Rm the funtion
Ω(x) ∋ y 7→ u(x, y) ∈ [0,+∞)
is a λ-Harnak funtion, where λ ∈ (0, 1) is xed.
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Then u is quasi-nearly subharmoni in Ω.
Proof . It is well-known that u is Lebesgue measurable, see the proof of the previous Lemma,
above in 3.1. Let (a, b) ∈ Ω and R > 0 be arbitrary suh that Bm+n((a, b), R) ⊂ Ω. Choose
(x0, y0) ∈ Bm(a, R4 ) × Bn(b, R4 ) arbitrarily. Sine u(·, y0) is quasi-nearly subharmoni, one
has, for some K ≥ 1,
u(x0, y0) ≤ K
νm(
R
4 )
m
∫
Bm(x0,
R
4
)
u(x, y0) dmm(x).
On the other hand, sine the funtions u(x, ·), x ∈ Bm(a, R2 ), are Harnak funtions in
Bn(b, R2 ), there is a onstant C = C(n, λ, Cλ, R) (here λ and Cλ are the onstants in 2.2.)
suh that
1
C
≤ u(x, y0)
u(x, b)
≤ C
for eah x ∈ Bm(a, R2 ). See e.g. [ABR01, proof of 3.6, pp. 4849℄. Therefore
u(x0, y0) ≤ K
νm(
R
4 )
m
∫
Bm(x0,
R
4
)
C u(x, b) dmm(x)
≤ C ·K
νm(
R
4 )
m
∫
Bm(a,R
2
)
u(x, b) dmm(x)
≤ 4
mC ·K
νmRm
∫
Bm(a,R
2
)
u(x, b) dmm(x) < +∞.
Thus u is loally bounded above in Bm(a, R4 ) × Bn(b, R4 ), and therefore the result follows
from Proposition 1 (v) and Proposition 3 above. 
5. The result of Koªodziej and Thorbiörnson
5.1. In our generalization to the ited result of Koªodziej and Thorbi¨ornson, we use the gen-
eralized Laplaian, dened with the aid of the Blashke-Privalov operators, see e.g. [Sz33℄,
[Sa41℄, [Ru50℄, [Br69℄, [Pl70℄, [Sh71℄ and [Sh78℄. Let D be a domain in RN , N ≥ 2, and
f : D → R, f ∈ L1
lo
(D). We write
∆∗f(x) : = lim inf
r→0
2(N + 2)
r2
· [ 1
νNrN
∫
BN (x,r)
f(x′)dmN (x′)− f(x)
]
,
∆∗f(x) : = lim sup
r→0
2(N + 2)
r2
· [ 1
νNrN
∫
BN (x,r)
f(x′)dmN (x′)− f(x)
]
.
If ∆∗f(x) = ∆∗f(x), then write ∆f(x) := ∆∗f(x) = ∆∗f(x).
If f ∈ C2(D), then
∆f(x) = (
N∑
j=1
∂2f
∂x2j
)(x),
the standard Laplaian with respet to the variable x = (x1, x2, . . . , xN ). More generally, if
x ∈ D and f ∈ t12(x), i.e. f has an L1 total dierential of order 2 at x, then ∆f(x) equals
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with the pointwise Laplaian of f at x, i.e.
∆f(x) =
N∑
j=1
Djjf(x).
Here Djjf represents a generalization to the usual
∂2f
∂x2
j
, j = 1, 2, . . . , N . See e.g. [CZ61,
p. 172℄, [Sh56, p. 498℄, [Sh71, p. 369℄ and [Sh78, p. 29℄.
Reall that there are funtions whih are not C
2
but for whih the generalized Laplaian
is nevertheless ontinuous:
Example 1. ([Sh78, p. 31℄) The funtion f : RN → R,
f(x) :=


−1, when xN < 0,
0, when xN = 0,
1, when xN > 0,
is non-ontinuous, but nevertheless ∆f(x) = 0 for all x ∈ RN .
Example 2. Let 1 ≤ k ≤ N and let E = {(0, 0, . . . , 0)} × RN−k ⊂ RN . Let 0 < λ ≤ 1.
Dene f : RN → R,
f(x) = f(x1, x2, . . . , xk, xk+1, . . . , xN ) :=
(√
x21 + x
2
2 + · · ·+ x2k
)λ
.
Then f is ontinuous and subharmoni in RN , but not in C1(RN ). Nevertheless, ∆f is
dened everywhere in RN , equals +∞ in E, and ontinuous in RN , in E in the extended
sense, with respet to the spherial metri:
q(a, b) :=
{ |a−b|√
1+a2
√
1+b2
when a, b ∈ [0,+∞),
1√
1+a2
when a ∈ [0,+∞) and b = +∞.
Observe that ([0,+∞], q) is a omplete metri spae.
If f is subharmoni on D, it follows from [Sa41, p. 451℄ (see also [Ru50, Lemma 2.2,
p. 280℄) that ∆f(x) := ∆∗f(x) = ∆∗f(x) ∈ R for almost every x ∈ D.
Below the following notation is used. Let Ω is a domain in Rm+n, m,n ≥ 2, and u :
Ω→ R. If y ∈ Rn is suh that the funtion
Ω(y) ∋ x 7→ f(x) := u(x, y) ∈ R
is in L
1
lo
(Ω(y)), then we write∆1∗u(x, y) := ∆∗f(x), ∆∗1u(x, y) := ∆
∗f(x), and∆1u(x, y) :=
∆f(x).
5.2. Then a generalization to the ited result Theorem C of Koªodziej and Thorbi¨ornson
[KT96, Theorem 1, p. 463℄. Our result improves our previous result [Ri072, Theorem 1,
p. 438℄: Our assumptions (d) and (e) are now essentially milder than previously. Conse-
quently, the present proof inludes new ingredients, too.
Theorem 4. Let Ω be a domain in Rm+n, m,n ≥ 2. Let u : Ω → R be suh that
for eah (x′, y′) ∈ Ω there is (x0, y0) ∈ Ω and r1 > 0, r2 > 0 suh that (x′, y′) ∈
Bm(x0, r1) × Bn(y0, r2) ⊂ Bm(x0, r1)×Bn(y0, r2) ⊂ Ω and suh that the following on-
ditions are satised:
(a) For eah y ∈ Bn(y0, r2) the funtion
Bm(x0, r1) ∋ x 7→ u(x, y) ∈ R
is ontinuous, and subharmoni in Bm(x0, r1).
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(b) For eah x ∈ Bm(x0, r1) the funtion
Bn(y0, r2) ∋ y 7→ u(x, y) ∈ R
is ontinuous, and harmoni in Bn(y0, r2).
() For eah y ∈ Bn(y0, r2) one has ∆1∗u(x, y) < +∞ for eah x ∈ Bm(x0, r1), possibly
with the exeption of a polar set in Bm(x0, r1).
(d) There is a set H ⊂ Bn(y0, r2), dense in Bn(y0, r2), and an open setK1 ⊂ Bm(x0, r1),
dense in Bm(x0, r1), suh that for eah y ∈ H, for almost every x ∈ Bm(x0, r1) and
for any sequene xj → x, xj ∈ K1, j = 1, 2, . . . , the sequene ∆1∗u(xj , y) is onver-
gent in ([0,+∞], q).
(e) There is an open set K2 ⊂ Bm(x0, r1), dense in Bm(x0, r1), suh that for eah
y ∈ Bn(y0, r2), for almost every x ∈ Bm(x0, r1), and for any sequene xj → x,
xj ∈ K2, j = 1, 2, . . . , there is a subsequene xjl suh that
∆1∗u(xjl , y)→ ∆1∗u(x, y)
in ([0,+∞], q) as l → +∞.
Then u is subharmoni in Ω.
Proof. Choose r′1, r
′
2 suh that 0 < r
′
1 < r1, 0 < r
′
2 < r2, and suh that (x
′, y′) ∈ Bm(x0, r′1)×
Bn(y0, r
′
2). It is suient to show that u | Bm(x0, r′1)×Bn(y0, r′2) is subharmoni. For the
sake of onveniene of notation, we hange the roles of rj and r
′
j , j = 1, 2. We divide the
proof into several steps.
Step 1. Constrution of an auxiliar set G.
For eah k ∈ N write
Ak := { x ∈ Bm(x0, r1) : −k ≤ u(x, y) ≤ k for eah y ∈ Bn(y0, r2) }.
Clearly Ak is losed, and
Bm(x0, r1) =
+∞⋃
k=1
Ak.
Write
G :=
+∞⋃
k=1
intAk.
It follows from Baire's Theorem that G is dense in Bm(x0, r1).
Step 2. The funtions ∆1ru(x, ·) (see the denition below), x ∈ G, 0 < r < rx :=
dist(x,Bm(x0, r1) \G), are nonnegative and harmoni in Bn(y0, r2).
For eah (x, y) ∈ Bm(x0, r1) × Bn(y0, r2) and eah r, 0 < r < dist(x, ∂Bm(x0, r′1))
(observe that dist(x, ∂Bm(x0, r
′
1)) > r
′
1 − r1 > 0), write
∆1ru(x, y) :=
2(m+ 2)
r2
· [ 1
νm rm
∫
Bm(x,r)
u(x′, y) dmm(x′)− u(x, y)
]
=
2(m+ 2)
r2
· 1
νm rm
∫
Bm(0,r)
[
u(x+ x′, y)− u(x, y)] dmm(x′).
Sine u(·, y) is subharmoni,∆1ru(x, y) is dened and nonnegative. Suppose then that x ∈ G
and 0 < r < rx. Sine Bm(x, r) ⊂ G and Ak ⊂ Ak+1 for all k = 1, 2, . . . , Bm(x, r) ⊂ intAN
for some N ∈ N. Therefore
−N ≤ u(x′, y) ≤ N for all x′ ∈ Bm(x, r) and y ∈ Bn(y0, r2),
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and hene
(3) − 2N ≤ u(x+ x′, y)− u(x, y) ≤ 2N for all x′ ∈ Bm(0, r) and y ∈ Bn(y0, r2).
To show that∆1ru(x, ·) is ontinuous, pik an arbitrary sequene yj → y˜0, yj , y˜0 ∈ Bn(y0, r2),
j = 1, 2, . . . . Using then (3), Lebesgue Dominated Convergene Theorem and the ontinuity
of u(x, ·), one sees easily that ∆1ru(x, ·) is ontinuous.
To show that ∆1ru(x, ·) satises the mean value equality, take y˜0 ∈ Bn(y0, r2) and ρ > 0
suh that Bn(y˜0, ρ) ⊂ Bn(y0, r2). Beause of (3) we an use Fubini's Theorem. Thus
1
νnρn
∫
Bn(y˜0,ρ)
∆1ru(x, y)dmn(y)
=
1
νnρn
∫
Bn(y˜0,ρ)
{2(m+ 2)
r2
· 1
νmrm
∫
Bm(0,r)
[
u(x+ x′, y)− u(x, y)]dmm(x′)}dmn(y)
=
2(m+ 2)
r2
· 1
νmrm
∫
Bm(0,r)
{ 1
νnρn
∫
Bn(y˜0,ρ)
[
u(x+ x′, y)− u(x, y)]dmn(y)}dmm(x′)
=
2(m+ 2)
r2
· 1
νm rm
∫
Bm(0,r)
[
u(x+ x′, y˜0)− u(x, y˜0)
]
dmm(x
′)
= ∆1ru(x, y˜0).
Step 3. The funtions ∆1u(x, ·) : Bn(y0, r2) → R, x ∈ G1 (see below for the denition of
G1), are dened, nonnegative and harmoni.
By [Ru50, Lemma 2.2, p. 280℄ (see also [Sa41, p. 451℄), for eah y ∈ Bn(y0, r2) there is
a set A(y) ⊂ Bm(x0, r1) suh that mm(A(y)) = 0 and that
∆1∗u(x, y) = ∆∗1u(x, y) = ∆1u(x, y) ∈ R
for all x ∈ Bm(x0, r1) \ A(y). We may learly suppose that H is ountable, H = { yk, k =
1, 2, . . . }. Write
A :=
+∞⋃
k=1
A(yk).
Sine G is open and dense in Bm(x0, r1) and A is of Lebesgue measure zero, also G1 := G\A
is dense in Bm(x0, r1). Take x ∈ G1 and a sequene rj → 0, 0 < rj < rx, j = 1, 2, . . . ,
arbitrarily. Sine x ∈ G1, we see e.g. by [Her71, Corollary 3, p. 6℄ (or [AG01, Lemma 1.5.6,
p. 16℄), that the family
∆1rju(x, ·), j = 1, 2, . . . ,
of nonnegative and harmoni funtions in Bn(y0, r2) is either equiontinuous and loally
uniformly bounded, or else
sup
j=1,2,...
∆1rju(xj , ·) ≡ +∞.
On the other hand, sine x ∈ G1, we know that
∆1rju(x, yk)→ ∆1u(x, yk) ∈ R as j → +∞, for eah yk ∈ H, k = 1, 2, . . . .
Therefore, by [Vä71, Theorem 20.3, p. 68℄ and by [Her71, ), b), pp. 2, 3℄ (or [AG01,
Theorem 1.5.8, p. 17℄), the limit
∆1u(x, ·) = lim
j→+∞
∆1rju(x, ·)
exists and denes a harmoni funtion in Bn(y0, r2). Sine the limit is learly independent
of the onsidered sequene rj , the laim follows.
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Step 4. The funtion ∆1u(·, ·) | G2 × Bn(y0, r2) has a ontinuous extension ∆˜1u(·, ·) :
B × Bn(y0, r0) → R (see below for the denitions of G2 and B). Moreover, the funtions
∆˜1u(x, ·), x ∈ B, are nonnegative and harmoni in Bn(y0, r2).
For eah yk ∈ H , k = 1, 2, . . . , write
B(yk) := { x ∈ Bm(x0, r1) : ∀xj → x, xj ∈ K1, j = 1, 2, . . . , ∆1∗u(xj , yk) is onvergent}.
By (d), mm(B
m(x0, r1) \B(yk)) = 0 for all k = 1, 2, . . . . Write then
B1 :=
+∞⋂
k=1
B(yk) \A.
Clearly mm(B
m(x0, r1) \B1) = 0. Similarly, for eah y ∈ Bn(y0, r2) write
B′(y) := { x ∈ Bm(x0, r1) : ∀xj → x, xj ∈ K2, j = 1, 2, . . . , ∃xjl , l = 1, 2, . . . , s.t. ∆1∗u(xjl , y)→ ∆1∗u(x, y) }
and
B2 :=
+∞⋂
k=1
B′(yk), B = B1 ∩B2, and G2 := [(G ∩K1 ∩K2) \A] ∩ (B1 ∩B2).
By (e), mm(B
m(x0, r1) \B) = 0. One sees at one that G2 ⊂ B is dense in Bm(x0, r1). To
show the existene of the desired ontinuous extension, it is learly suient to show that
for eah (x˜0, y˜0) ∈ B ×Bn(y0, r2), the limit
lim
(x,y)→(x˜0,y˜0), (x,y)∈G2×Bn(y0,r2)
∆1u(x, y)
exists. (This is of ourse standard, see e.g. [Di, (3.15.5), p. 54℄.) To see this, it is suient
to show that, for an arbitrary sequene (xj , yj) → (x˜0, y˜0), (xj , yj) ∈ G2 × Bn(y0, r2),
j = 1, 2, . . . , the limit
lim
j→+∞
∆1u(xj , yj)
exists. But this follows at one from the following fats:
α) The funtions ∆1u(xj , ·), j = 1, 2, . . . , are nonnegative and harmoni in Bn(y0, r2),
by Step 3.
β) For eah yk ∈ H , k = 1, 2, . . . , the sequene ∆1u(xj , yk) = ∆1∗u(xj , yk) onverges to
∆1∗u(x˜0, yk) = ∆1u(x˜0, yk) in ([0,+∞], q) as j → +∞. Moreover, ∆1u(x˜0, yk) ∈ R,
(this follows from (d), (e) and from the fat that xj ∈ G2, j = 1, 2, . . . , and x˜0 ∈ B).
See [Her71, Corollary 3, p. 6, and ), b), pp. 3, 2℄ (or [AG01, Lemma 1.5.6 and Lemma 1.5.10,
Theorem 1.5.8, pp. 16-17℄), and [Vä71, Theorem 20.3, p. 68℄. By [AG01, Theorem 1.5.8,
p. 17℄) one sees also the harmoniity of the funtions ∆˜1u(x, ·) : Bn(y0, r2)→ R, x ∈ B.
Step 5. For eah x ∈ Bm(x0, r1) the funtions
Bn(y0, r2) ∋ y 7→ v˜(x, y) :=
∫
GBm(x0,r1)(x, z)∆˜1u(z, y)dmm(z) ∈ R
and
Bn(y0, r2) ∋ y 7→ h˜(x, y) := u(x, y) + v˜(x, y) ∈ R
are harmoni. Above and below GBm(x0,r1)(x, z) is the Green funtion of the ball B
m(x0, r1),
with x as a pole.
Using Fubini's Theorem one sees easily that for eah x ∈ Bm(x0, r1) the funtion
v˜(x, ·) satises the mean value equality. To see that v˜(x, ·) is harmoni, it is suient
to show that v˜(x, ·) ∈ L1
lo
(Bn(y0, r2)). Using just Fatou's Lemma, one sees that v˜(x, ·)
is lower semiontinuous, hene superharmoni. Therefore either v˜(x, ·) ≡ +∞ or else
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v˜(x, ·) ∈ L1
lo
(Bn(y0, r2)). The following argument shows that the former alternative annot
our. Indeed, for eah x ∈ B and for eah yk ∈ H , k = 1, 2, . . . ,
∆˜1u(x, yk) = lim
x′→x, x′∈G2
∆1u(x
′, yk) = lim
x′→x, x′∈G2
∆1∗u(x′, yk) = ∆1∗u(x, yk) = ∆1u(x, yk) ∈ R.
Hene v˜(x, yk) ∈ R for eah x ∈ Bm(x0, r1) and yk ∈ H , k = 1, 2, . . . . Therefore, for eah
x ∈ Bm(x0, r1) also the funtion h˜(x, ·) = u(x, ·) + v˜(x, ·) is harmoni.
Step 6. For eah y ∈ Bn(y0, r2) the funtion
Bm(x0, r1) ∋ x 7→ h˜(x, y) := u(x, y) + v˜(x, y) ∈ R
is harmoni.
With the aid of the version of Riesz's Deomposition Theorem, given in [Ru50, 1.3,
Theorem II, p. 279, and p. 278, too℄ (see also [Sh56, Theorem 1, p. 499℄), for eah y ∈
Bn(y0, r2) one an write
u(x, y) = h(x, y)− v(x, y)
where
v(x, y) :=
∫
GBm(x0,r1)(x, z)∆1u(z, y)dmm(z)
and h(·, y) is the least harmoni majorant of u(·, y) | Bm(x0, r1). Here v(·, y) is ontinuous
and superharmoni in Bm(x0, r1).
As shown above in Step 5, ∆1u(x, yk) = ∆˜1u(x, yk) for eah x ∈ B and eah yk ∈ H ,
k = 1, 2, . . . , and thus v(·, yk) = v˜(·, yk) for eah yk ∈ H , k = 1, 2, . . . . Therefore also
h˜(·, yk) = h(·, yk) is harmoni for eah yk ∈ H , k = 1, 2, . . . . To see that h˜(·, y) is harmoni
also for y ∈ Bn(y0, r2) \ H , proeed in the following way. Let B′(y) be the subset of
Bm(x0, r1), assumed in (e), see Step 4 above. Write G3 := [(G ∩K1 ∩K2) \ (A ∪ A(y))] ∩
(B ∩ B′(y)) and B′ := (B ∩ B′(y)) \ A(y). It is easy to see that G3 is dense in Bm(x0, r1)
and that mm(B
m(x0, r1) \ B′) = 0. Take x ∈ B′ arbitrarily. Choose a sequene xj → x,
xj ∈ G3, j = 1, 2, . . . . By assumption (e), there is a subsequene xjl suh that
∆1u(xjl , y) = ∆1∗u(xjl , y)→ ∆1∗u(x, y) = ∆1u(x, y)
as l → +∞. On the other hand, sine xjl ∈ G3, l = 1, 2, . . . ,
∆1u(xjl , y) = ∆˜1u(xjl , y)→ ∆˜1u(x, y),
we have ∆1u(x, y) = ∆˜1u(x, y). Sine mm(B
m(x0, r1) \ B′) = 0, we have v(x, y) = v˜(x, y),
and thus h˜(x, y) = h(x, y), for all x ∈ Bm(x0, r1) and all y ∈ Bn(y0, r2). Therefore h˜(·, y) is
harmoni for all y ∈ Bn(y0, r2).
Step 7. The use of the results of Lelong and of Avanissian.
By Steps 5 and 6 we know that h(·, ·) = h˜(·, ·) is separately harmoni in Bm(x0, r1) ×
Bn(y0, r2). By Lelong's result [Le61, Théorème 11, p. 554℄ or [Av67, Théorème 1, pp. 4-5℄ (for
a more general result, see [Si69, Theorem 7.1, p. 166, and Corollary, p. 145℄, see also [Im90,
Theorem, p. 9℄), h˜(·, ·) is harmoni and thus loally bounded above in Bm(x0, r1)×Bn(y0, r2).
Therefore also u(·, ·) is loally bounded above in Bm(x0, r1)×Bn(y0, r2). But then it follows
from Avanissian's result [Av61, Théorème 9, p. 140℄ (or [Ar66, Theorem 1, p. 622℄ or
[Ri89,Theorem 1, p. 69℄) that u(·, ·) is subharmoni on Bm(x0, r1)×Bn(y0, r2). 
5.3. Another variant of the above result is the following, where the assumption (e) is
replaed with a ertain ontinuity ondition of v(·, ·) in the seond variable. Our result is
an improved version of the result [Ri072, Theorem 2, pp. 442-443℄: Again the onditions (d)
and (e) are essentially milder and onsequently the proof ontains new ingredients.
Theorem 5. Let Ω be a domain in Rm+n, m,n ≥ 2. Let u : Ω → R be suh that
for eah (x′, y′) ∈ Ω there is (x0, y0) ∈ Ω and r1 > 0, r2 > 0 suh that (x′, y′) ∈
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Bm(x0, r1) × Bn(y0, r2) ⊂ Bm(x0, r1)×Bn(y0, r2) ⊂ Ω and suh that the following on-
ditions are satised:
(a) For eah y ∈ Bn(y0, r2) the funtion
Bm(x0, r1) ∋ x 7→ u(x, y) ∈ R
is ontinuous, and subharmoni in Bm(x0, r1).
(b) For eah x ∈ Bm(x0, r1) the funtion
Bn(y0, r2) ∋ y 7→ u(x, y) ∈ R
is ontinuous, and harmoni in Bn(y0, r2).
() For eah y ∈ Bn(y0, r2) one has ∆1∗u(x, y) < +∞ for every x ∈ Bm(x0, r1), possibly
with the exeption of a polar set in Bm(x0, r1).
(d) There is a set H ⊂ Bn(y0, r2), dense in Bn(y0, r2), and an open setK1 ⊂ Bm(x0, r1),
dense in Bm(x0, r1), suh that
(d1) for eah y ∈ H, for almost every x ∈ Bm(x0, r1) and for any sequene xj → x,
xj ∈ K1, j = 1, 2, . . . , one has
∆1∗u(xj , y)→ ∆1∗u(x, y)
in ([0,+∞], q) as j → +∞,
(d2) for some y ∈ H one has
sup
x∈K1
∆1∗u(x, y) < +∞.
(e) There is a set K2 ⊂ Bm(x0, r1), dense in Bm(x0, r1), suh that for eah x ∈ K2 and
for eah y ∈ Bn(y0, r2) there is a sequene yk → y, yk ∈ H, k = 1, 2, . . . , suh that∫
GBm(x0,r1)(x, z)∆1u(z, yk) dmm(z)→
∫
GBm(x0,r1)(x, z)∆1u(z, y) dmm(z)
as k → +∞.
Then u is subharmoni in Ω.
Proof . The proof diers from the proof of Theorem 4 above only in Steps 4 and 6, in the
following way.
Step 4. The funtion ∆1u(·, ·) | G′2 × Bn(y0, r2) has a ontinuous and bounded extension
∆˜1u(·, ·) : B1 × Bn(y0, r2)→ R (for the denition of B1, see above the proof of Theorem 4,
for the denition of G′2 see below). Moreover, the funtions ∆˜1u(x, ·), x ∈ B1, are nonneg-
ative and harmoni in Bn(y0, r2), and one may suppose that they are uniformly bounded in
Bn(y0, r2) by a xed onstant M .
Write G′2 := G ∩ K1 ∩ B1. Sine mm(Bm(x0, r1) \ B1) = 0, one sees at one that G′2
is dense in Bm(x0, r1). To show that ∆1u(·, ·) | G′2 ×Bn(y0, r2) has a ontinuous extension
∆˜1u(·, ·) : B1 ×Bn(y0, r2)→ R, just proeed as above in the proof of Theorem 4, Step 4.
Also the harmoniity of the funtions ∆˜1u(x, ·), x ∈ B1, follows as above. In addition,
beause of assumption (d2), one sees that now the family
∆˜1u(x, ·) = ∆1u(x, ·), x ∈ G′2,
and thus also the family
∆˜1u(x, ·), x ∈ B1,
of nonnegative harmoni funtions in Bn(y0, r2), is uniformly loally bounded in B
n(y0, r2).
As a matter of fat (see the beginning of the proof of Theorem 4), we may suppose that these
families are even uniformly bounded in Bn(y0, r2), by a xed onstant M , say. Therefore
also ∆˜1u(·, ·) is bounded in B1 ×Bn(y0, r2) by this same M .
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Step 6. For eah y ∈ Bn(y0, r2) the funtion
Bm(x0, r1) ∋ x 7→ h˜(x, y) := u(x, y) + v˜(x, y) ∈ R
is harmoni.
With the aid of the ited version of Riesz's Deomposition Theorem, one an again, for
eah y ∈ Bn(y0, r2), write
u(x, y) = h(x, y)− v(x, y)
where v(·, y) is ontinuous and superharmoni in Bm(x0, r1) and h(·, y) is the least harmoni
majorant of u(·, y) | Bm(x0, r1). As in the proof of Theorem 4, Step 6, one sees that for all
yk ∈ H , k = 1, 2, . . . , the funtion h˜(·, yk) = h(·, yk) is harmoni in Bm(x0, r1). To see that
h˜(·, y) is harmoni also for y ∈ Bn(y0, r2) \H , just use the present assumption (e), in the
following way. Choose y ∈ Bn(y0, r2) and x ∈ K2 arbitrarily. Take then a sequene y′k → y,
y′k ∈ H , k = 1, 2, . . . . Then the funtions h˜(·, y′k) = h(·, y′k), k = 1, 2, . . . , are harmoni in
Bm(x0, r1). By the assumption (e), v(x, y
′
k)→ v(x, y) as k → +∞. On the other hand, sine
v˜(x, ·) is harmoni, v˜(x, y′k) → v˜(x, y) as k → +∞. Sine v(x, y′k) = v˜(x, y′k), k = 1, 2, . . . ,
we see that v(x, y) = v˜(x, y) for eah x ∈ K2. Using then the fats that v(·, y) is ontinuous,
that, by [Hel69, Theorem 6.22, p. 119℄, say, also v˜(·, y) is ontinuous (reall that ∆˜1u(·, ·) is
ontinuous and bounded in B1 ×Bn(y0, r2), and that mm(Bm(x0, r1) \B1) = 0, see Step 4
above), and that K2 is dense in B
m(x0, r2), we see that v(·, y) = v˜(·, y). Therefore for all
x ∈ Bm(x0, r1),
h˜(x, y) = u(x, y) + v˜(x, y) = u(x, y) + v(x, y) = h(x, y),
and the harmoniity of h˜(·, y) in Bm(x0, r1) follows.
Now we know that h˜(·, ·) is separately harmoni in Bm(x0, r1)×Bn(y0, r2). The rest of
the proof goes then as in Step 7 of the proof of Theorem 4 above. 
5.4. The assumptions of Theorems 4 and 5 above, espeially the (e)-assumptions, are un-
doubtedly still somewhat tehnial. However, replaing Koªodziej's and Thorbiörnson's C
2
assumption of the funtions u(·, y) by the (spherial) ontinuity requirement of the general-
ized Laplaians ∆1u(·, y), we obtain the following onise orollaries to Theorem 4. Observe
that generalized Laplaians of subharmoni funtions may indeed assume also the value +∞,
see Example 2 in 5.1 above.
Corollary 1. Let Ω be a domain in Rm+n, m,n ≥ 2. Let u : Ω→ R be suh that
(a) for eah y ∈ Rn the funtion
Ω(y) ∋ x 7→ u(x, y) ∈ R
is ontinuous and subharmoni,
(b) for eah x ∈ Rm the funtion
Ω(x) ∋ y 7→ u(x, y) ∈ R
is harmoni,
() for eah y ∈ Rn the funtion
Ω(y) ∋ x 7→ ∆1u(x, y) ∈ [0,+∞]
is dened, ontinuous (with respet to the spherial metri), and nite for all x,
exept at most of a polar set E(y) in Ω(y).
Then u is subharmoni in Ω.
Corollary 2. ([Ri072, Corollary, p. 444℄) Let Ω be a domain in R
m+n
, m,n ≥ 2. Let
u : Ω→ R be suh that
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(a) for eah y ∈ Rn the funtion
Ω(y) ∋ x 7→ u(x, y) ∈ R
is ontinuous and subharmoni,
(b) for eah x ∈ Rm the funtion
Ω(x) ∋ y 7→ u(x, y) ∈ R
is harmoni,
() for eah y ∈ Rn the funtion
Ω(y) ∋ x 7→ ∆1u(x, y) ∈ R
is dened and ontinuous.
Then u is subharmoni in Ω.
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